effects are important and should be taken into account in
designing parallel plate systems in accordance with the
results of this paper.
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NOTATION

b half the distance between the plates

Br, = Brinkman number for a power-law fluid

Cp, = specific heat

h = film heat transfer coefficient

k = thermal conductivity

m = consistency index

n = power-law index

Nu = Nusselt number

P = pressure

Pe = Peclet number

T = temperature

Ty = temperatureaty =0

T, = temperature at the wall

U, = velocity in the x-direction

Unmax = maximum velocity

x = coordinate in the direction of the flow

y = coordinate perpendicular to the direction of the
flow

B = viscous dissipation parameter, defined by Equa-
tion (11)

An = step size in the y-direction

Ay = step size in the y-direction

7 = dimensionless variable defined by Equation (6)

6 = dimensionless temperature defined by Equation

(7)

6, = bulk temperature, defined by Equation (18)

p = density
T = shear stress
¥ = dimensionless distance, defined by Equation (8)
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Comparison of Various Ways of Model Building of a Regenerator

For regenerators the dimensionless heat balances of the
solid and gas, under usual assumptions, result in the fol-
lowing set of linear partial differential equations:

BED g -seo )
at

3G(z1) _ S(zt) — G( ) (2)
0z
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When the entrance gas temperature is constant and equal
to the zero point of our temperature scale and when the
initial solid temperature has the same value for all 2, the
normalized boundary conditions can be written as

S(z, t)‘t=0: 1 (3)
G(%,t)|z=0 =0 (4)

The basic equations underlying many calculations in the

AIChE Journal (Vol. 18, No. 6)



simulation of industrial gas-solid cross flow heat exchangers
are similar to the regenerator equations. In dynamic studies
of these heat exchangers, for example, in the study of
Rademaker et al. (1970) about a clinker cooler and the
study of Voskamp and Brasz (1971) concerning a pellet
indurating plant, Equations (1) to (4) have to be solved
many times. Therefore, it is desirable to look for the most
efficient solution method of these equations. Three meth-
ods of solving Equations (1) to (4), namely, an analytical
solution, a finite difference solution, and a numerical in-
version solution are compared on accuracy and computer
time.

THE ANALYTICAL SOLUTION

Many analytical solutions have been given to the set of
Equations (1) to (4). All of them are in a series form, so
that for a definitive answer a truncation must be made. In
our opinion the most efficient analytical solution is ob-
tained by Kohlmayr (1968) using double Laplace trans-
forms. There results the following expression for the gas
temperature response function:

L

t Lo
G(zt) = lim {l—e‘z—‘z o 2:—,} (5)
=0 # j=o I

i=0

THE FINITE DIFFERENCE METHOD

According to the finite difference method the height z
of the regenerator is divided into n layers. For the ith layer
the mean normalized solid temperature is written as
Si(z,t) and the incoming and outgoing normalized gas
temperatures are denoted by G;-1(z,¢) and Gi(z,t), re-
spectively. Instead of the two original partial differential
Equations (1) and (2) with boundary conditions (3) and
(4), the following n differential and n algebraic equations
result:

dsi(z: t) - Gi—l(z, t) + Gi(z, t) _

Si 2, t);
dt 2 (z 1)
i=12,...,n
Gi(z, t) — Gi~1(z, 1) Gi—1(z,t) + Gi(z, 1)
= Si(z: t) - 3
z/n 2
i=12...,n

with boundary conditions
Si(z, t)|t=0 =1,
Gi(z,t)]i=o =0

i=1,2,...,n

By Laplace transformation with respect to time and using
the initial conditions, the following equations can be ob-
tained:

Go(z,9) =0

_ Cioi(z,

Sizq) = —2—— 4 1(% 9) i=12...,n
T+q + 1 T+q + 1

Gi(z.q) = -:; Gi-1(z,q) + -T—+—:-_—T—_— Si(z, q)
+

+
i=12,...,n
where

}
=it
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4
_=1-—

2n

Rearranging these equations, the Laplace transform of the
outcoming gas temperature can be written as

— 1 1 —qg+1\"
Gn(z,q) = —— — (—)
g g “Ttq+1

1 1{7_( 1/1'_—1/1'_,,) 4
q q LTy q+ 1/r, }
_ 1 1 (‘7‘_ )"
_q q 74
i n
{14— gl (r>

Ve —1/7, )"
q+ 1/,
Using the Laplace transform pair

r~1 tm g~ t/Ts
L—1 __];_ _____1_____ =r,7{1— 2 ___?_._.__
g G+ 1) & !

and the algebraic identity

the following representation of the gas temperature re-
sponse function is found:

=) (%)

Gn(z,t)= et/ (

THE NUMERICAL INVERSION SOLUTION

After Laplace transformation with respect to z Equa-
tions (1) to (4) give

d§(p, t)
dt

pG(p,t) =S(p,t) — G(p,t)

= a(p, t) —§(p, t)

- 1
S(p, t) im0 = —
le "

Eliminating —S—(p, t) and solving the differential equation

in ¢ gives the following expression for G(p, t):
P

—t

p+1

G(p, t) —--—l—e_
Y P

Using the definition of—(—;-(p, t) as an integral, we get

w0 1 ———t
G(z,t) e P dz = ——————¢g P*1
f" p(p+1)

which becomes after substitution x = e~#

L xp—1 G(—ln(x),t) dx:;-(p+—1)
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The unknown in this equation is G(— In(x), ¢). This in-
tegral equation can be solved numerically using a finite
sum of terms existing of the value of the integrand in a
number of points x; times a weighting factor w;. The «x;
and w; have to be chosen so that the approximation

-t
z 1 G(— ]n(xi),t)z—-—l—-—e P+l
i=1 plp+1)
is as accurate as possible. According to Bellman et al.
(1966) the roots of the shifted Legendre polynomials of
degree n are taken for x; with appropriate weighting fac-
tors w;. Let p now take n different values, namely, p = 1,

2, ...,n, then the last equation is a set of n equations
with n unknowns G(z;,t), z; = — In x;,. After a matrix
inversion we obtain:
n b4
l E— 4
Glat) = 2 Ay e (D)

p=1 p(p+1)

The matrix Ay has to be calculated only once from the x;
and w;. The from the choice of x; and w; resulting matrices
Ajp are given in Appendix V of Bellman et al. (1966) for
n=34 , 15.

RESULTS AND CONCLUSIONS

The accuracy of Gapyr, the approximate solutions of
Equations (5), (6), and (7) in the points (z; ¢;) where
i=1,2, s kandj = 1, 2, , I can be expressed
quantitatively by a quadratic error norm I:

1 i t Ya
"'_i 2 2 {Gezact (% tj) - Gappr(zi; tJ') }ZJ
i=1 j=1

The exact solution Gegact (i, £;) is obtained by calculating
Equations (5), (8), and/or (7) for such a large value of
n that the series has reached its limit. In Figure 1 the
quadratic error norm I with k = I = 10 and z; = 2, 4,

,20 and £; = 2, 4, ..., 20 is plotted for different val-
ues of n in Equations (5), (6), and (7) against the
needed computer time, expressed in machine independent
cycletimes. The various values of n which are used in the
calculations are indicated in the plot.

According to Figure 1 the finite difference method
needs less computer time than the other methods when
the required accuracy norm I, is greater than 4 X 10-%,
When I; < 4 X 1074 the analytical solution is the fastest
solution method. For practical calculations where an ac-
curacy of 1% is good enough, the finite difference solution
is most satisfactory.

For an accuracy of I; = 6 X 10~* the numerical inver-
sion method needs 15 terms and the finite difference
method 25 terms. In building an analogue model of Equa-
tions (6) and (7), the number of needed integrators is
of first importance. This number equals the number n of
needed terms from (6) and (7). Therefore, for analogue
simulation studies solutions using numerical inversion
techniques may be more efficient than the usual finite dif-
ference solutions. This result corresponds with the experi-
ence of Aurora (1971), who found in modeling a parallel
flow fluid-fluid heat exchanger a higher accuracy with an
analogue model using 15 integrators according to the
numerical inversion technique than with an analogue
model using 24 integrators according to the finite differ-
ence approach.
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Fig. 1. Accuracy of the 3 solution methods according to the quad-
ratic norm Iq versus needed cycles on the digital computer.

NOTATION

G(z,t) = normalized gas temperature
I, quadratic error norm

p Laplace variable of z

Laplace variable of ¢

S(z, t) = normalized solid temperature

t — dimensionless time coordinate
w; = weighting factor

X = ¢~ %

z = dimensionless place coordinate
7, = abbreviation

r = abbreviation
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